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Abstract. For a semi-stable representation V, we will construct a subspace 

■ D.^_scn{V) of Cp V endowed with a linear derivation V^''^ The action of 
, V^^-' on -Dtt-SciiC^) is closely related to the action of the nionodromy opera- 
' tor N on Dst{V). Furthermore, in the geometric case, the action of V'^'^-' on 
, -D7r-Sen(^) describes an analogy of the infinitesimal variations of Hodge struc- 
' tures and satisfies formulae similar to the Griffiths transversality and the local 
, monodromy theorem. 

: 

! 1- Introduction 

Let K he a complete discrete valuation field of characteristic with perfect 

^ ■ residue field k of characteristic p > 0. Choose an algebraic closure K of K and 

. consider itsp-adic completion Cp. By ap-adic representation of Gk = Gal{K /K), 

'nI" I we mean a finite dimensional vector space V over Q„ endowed with a continuous 

I action of Gk- Put Koo = Uo<mK{(pm) where Cp™ denote a primitive p™-th root of 

■ unity in K satisfying (Cp™+i)^ = Cp™- Let Hk denote the kernel of the cyclotomic 
O ■ character x '■ Gk and define Tk to be Gk/Hk — Gal{Koo/ K). Then, 
^ ! for a p-adic representation V of Gk, Sen constructs a i^oo-vector space -Dsen(^) 

^ I of dimension dimq^V in (Cp V)^'^ equipped with the i^oo-linear derivation 

• ^ I V^°^ which is the p-adic Lie algebra of F^^. In the case when is a Hodge- Tate 

^ ■ representation of Gk, the set of eigenvalues of V*^*^-* on Dsen{V) is exactly the 

. same as the set of Hodge- Tate weights of V. 

Now, we shall state the aim of this article. First, let us fix some nota- 
tions. Fix a prime vr of Ok (the ring of integers of K) and for each 1 < m, 
fix a p™-th root tc^/p"" of vr in ¥ satisfying {n^/p'^^')P = tt^/p'". Put K^^ = 
Uo<mi^(7T^/P'") and = Uo<.mK^{TT^/P"'). Here, the letter BK stands for 

the Breuil-Kisin extension. Let H denote the Galois group Gal{K / K^) and 
define Fbk to be Gal{K^/Koo)- Then, we have an isomorphism of profinite 
groups Gk/H ~ Vk X Fbk- In this article, for a semi-stable representation V of 
Gk, we shall construct a K^-'^-vector space -D7r-Scn(^) of dimension dimQ^K in 
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(Cp(8)Q^ V)" equipped with the K^-lme&r derivations V^^^ and V^'^l Here, V^'^^ 
denotes the p-adic Lie algebra of Fbk- Then, the action of V'^^-' on D-^.sen{V) 
tells us about Hodge- Tate weights as in the case of Dscn(^) and the action of 
V*-'^^ on -D7r-Scn(^) is closely related to the action of the monodromy operator 
on Dsi{V). Furthermore, in the case V = HV^{X ®k K,Qp) where X denotes 
a proper smooth scheme over K, the action of V^'^^ on -D7r-Sen(^) describes an 
analogy of the infinitesimal variations of Hodge structures and satisfies formulae 
similar to the Griffiths transversality and the local monodromy theorem. 
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2. Preliminaries on basic facts 

2.1. p-adic periods rings and p-adic representations. (See [Fl] for details.) 

Let Khc a complete discrete valuation field of characteristic with perfect residue 
field k of characteristic p > 0. Put Kq = Frac(14^(/c)) where W{k) denotes the 
ring of Witt vectors with coefficients in k. Choose an algebraic closure K of K 
and consider its p-adic completion Cp. Put 

For two elements x — (a;*^*^) and y = {y^''^) of E, define their sum and product by 
(x + y)^ = \imj_^^{x^'+^^ + y^'+^^)P^ and = x^^y^^.Let e = (e^")) denote 

an element of E such that 6^°^ = 1 and e^^^ 7^ 1. Then, E is a perfect field of 
characteristic p > and is the completion of an algebraic closure of k{{e — 1)) for 
the valuation defined by ve{x) = Vp{x'^^^) where Vp denotes the p-adic valuation of 
Cp normalized by Vp{p) = 1. The field E is equipped with an action of a Frobcnius 
a and a continuous action of the Galois group Gk = Gal{K / K) with respect to 
the topology defined by the valuation v^. Define E+ to be the ring of integers for 
this valuation. Put A+ = W{E+) and B+ = A+[l/p] = "C Efe»-ooP*'[^fc] I e 
E+} where [*] denotes the Teichmiiller lift of * e E+. This ring B"*" is equipped 
with a surjective homomorphism 
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Let p denote (p*^")) G IE+ such that = p. Then, Ker (^) is the principal 
ideal generated by a; = [p] — p . The ring is defined to be the Ker (^)-adic 
completion of B"*" 

^dR = ^n>oB+/(Ker {9^). 

This is a discrete valuation ring and t = log([e]) which converges in B^^ is a 
generator of the maximal ideal. Put -BdR = ^dRfV^]- The ring B^r becomes 
a field and is equipped with an action of the Galois group Gk and a filtration 
defined by FiPSdR = t'B^^ {i e Z). Then, (B^ji)'^^ is canonically isomorphic 
to K. Thus, for a p-adic representation V of Gk, D^r{V) = (BdR ®Qp V)"^^ is 
naturally a A'- vector space. We say that a p-adic representation V of Gk is a de 
Rham representation of Gk if we have 

dimq^V = dimi^DdR(V) (we always have dimQ^V^ > dimx-DdR(V)). 

Define Sht to be the associated graded algebra to the filtration FiPSdR. The 
quotient gr'Bur = FiPfidR/FiF+^BdR {i G Z) is a one-dimcnsional Cp-vector 
space spanned by the image of f. Thus, we obtain the presentation 

^HT = 0C,(i) 

where Cp{i) = Cp(X>Zp(i) is the Tate twist. Then, (IJht)'"^^ is canonically isomor- 
phic to K. Thus, for a p-adic representation V of G^^, Din:{V) = (-Bht®Qp V")*^^ 
is naturally a X-vector space. We say that a p-adic representation V of Gk is a 
Hodge- Tate representation of Gk if we have 

dimQ^y = dimx-DHT(^) (we always have dimQ^y > dimx-DHT(^))- 

Let 6 : A"*" — )■ Oc^ be the natural homomorphism where Oq^ denotes the ring 
of integers of Cp. Define the ring 74cris to be the p-adic completion of the PD- 
envelope of Ker (9) compatible with the canonical PD-envelope over the ideal 
generated by p. Put B^^-^ = 74cris[l/p] and Sens = -B^jjl/t]. These rings are 
Xo-algebras endowed with actions of Gk and Frobenius (p. Furthermore, since 
these rings are canonically included in -BdR, they are endowed with the filtration 
induced by that of -BdR- Then, (-Bcris)*^^ is canonically isomorphic to Kq. Thus, 
for a p-adic representation V of Gk, Dcris{V) = (-B^is ®Qp V)'^^ is naturally a 
-fCo-vector space. Wc say that a p-adic representation V of Gk is a crystalline 
representation of Gk if we have 

dimQ^y = diuiKoDcrisiV) (we always have dimQ^^y > dim^o -Deris (^))- 

Fix a prime element tt of 0^ (the ring of integers of K) and an element s — 
(s^")) e 1E+ such that s*^°) = tt. Then, the series log([s]7r~^) converges to an 
element in B^^ and the subring -Bcrisfi^Tr] of -BdR depends only on the choice of 
TT. We denote this ring by Bst- Since this ring is included in -BdR, it is endowed 
with the action of Gk and the filtration induced by those on -BdR,. The clement 
Mtt is transcendental over -Bcris and we extend the Frobenius ip on -Bcris to -Bgt 
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by putting </?(it7r) = pti^- Furthermore, define the Scrig-derivation Bg^ — >■ Bg^ by 
N^Utt) = —1. It is easy to verify that we have Nip — pipN and that the action 
of on Dst{V) is nilpotent. As in the case of -Bcris, we have (i?st)'^'^ = Kq. 
Thus, for a p-adic representation V of Gk, DstiV) = (-Bst ®Qp V)'^'^ is naturally 
a Xq- vector space. We say that a p-adic representation V of Gk is a semi-stable 
representation of Gk if we have 

dimQ^y = dim;^(,i:)st(T^) (we always have dimQ^T/ > dimKoDst{V)) . 

Furthermore, we say that y is a potentially semi-stable representation of Gk 
if there exists a finite field extension L/K in K such that K is a semi-stable 
representation of Gl- Due to the result of Berger [Bel], it is known that V is 
a potentially semi-stable representation of Gk if and only if ^ is a de Rham 
representation of Gk- 

2.2. The theory of Sen. Keep the notation and assumption in Introduction. 
In the article [S3], Sen shows that, for a p-adic representation V of Gk, the 
Koo{= {Cp)^'^)-yectoT space (Cp V)^'^ has dimension d = dimq^^V and the 
union of the finite dimensional i^oo-subspaces of (Cp V)^'^ stable under Tk 
is a Xoo- vector space of dimension d stable under F^^- (called -Dsen(^))- We 
have Cp 0Koo Dsen{V) = Cp V and the natural map ^k^o Dsen{V) 
(Cp (8>Qp V)^^ is an isomorphism. Furthermore, if 7 e F^ is close enough to 1, 
then the series of operators on Dsen{V) 

log(7) ^ 1 y (l-7)' 

log(x(7)) log(x(7)) 4t ^ 

converges to a K^-lineav derivation V*^°^ : DgeniV) -Dsen(l^) and does not 
depend on the choice of 7. By the following proposition, we can see that the set 
of eigenvalues of V'-^^ on i^sen(^) is exactly the same as the set of Hodge- Tate 
weights of y if y is a Hodge-Tate representation of Gk- 

Proposition 2.1. If V is a Hodge-Tate representation of Gk, there exists a 
V K-equivariant isomorphism of K^-vector spaces 

d=dimQpy 

Proof. Since V" is a Hodge-Tate representation of Gk, there exists a basis igjy^^i 
of Cp (8)Qp V over Cp such that it gives the Hodge-Tate decomposition 

d 

Cp - Cp{nj) : gj ^ t^^ (n,- e Z). 

i=i 

From this presentation, it follows that igjy^^i forms a basis of a f^oo- vector space 
X which is contained in (Cp (8)q V)^^ and stable under the action of F^- Then, 
since we have X ^ Dsen{V) by definition and both sides have the same dimension 
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d over K^, we get the equahty X — Dsen(^)- Thus, we obtain the Fx-equivariant 



isomorphism of Xoo- vector spaces -Dsen(^) — ©j=i -f^oo(^j) '■ 9j ^ ■ D 

3. Generalization of DseniY) 

Let us recall notations. Fix a prime tt of Ok (the ring of integers of K) and for 
each 1 < m, fix a p"*-th root t^^^p"" of tt in satisfying (tt^/p"'^^)?' = 'k^I'p^ . Put 
^ Uo^i^(7ri/^'"') and = Uo<mi^oo(7r^/^'"'). Let U denote the Galois 
group Gal(Z/ir^^) and define Fbk to be Gal(X^^/Xoo)- Then, we have an 
isomorphism of profinite groups 

GkIU '^Vk^ Fbk. 
For /3 G Fbk; we have /3(Cp'") = Cp™ ^iid define the homomorphism c : Fbk ~^ 
such that we have /3(7r^/^") = 7r^/^"(^pf^''. Then, the homomorphism c defines an 
isomorphism Fbk — of profinite groups. 

3.1. Construction of -D7r-Sen(l^)' Let F be a semi-stable representation of Gk- 

For simplicity, assume that the number of the nilpotent block of the monodromy 
operator on Dst(^) is 1. In the general case, one can easily construct -D7r-scn(^) 
in the same way. Then, there exists a basis ^gj^j of D^^iy) over Kq such that 
we have 

N N N N „ 

9i — > 92 — > > 9d — ^ 0. 

By twisting {gj}j by some powers of t in Bg^ (8)Qj, V, we obtain a basis of 
®Qp ^ o"^®^ -^CTisl'^'r/^]- Then, we can write 



o fd = t^'Fd 



where {F,},- denotes a set of elements of Bll- (8)o„ V and we take m,- e Z such 



that forms a basis of B'^^^^[uT,/t\ <S>Qj, V over B^^^^[uT,/t]. 



Definition 3.1. With notations as above, let {hj :— t^^Fj^-j denote the image of 
it"^^Fj}j by the homomorphism 5+;^ V ^ Cp V. Then, define D„_sen{V) 
to be the iC^^-vector space generated by {.hj^-j contained in (Cp <S>Qp V)^ . 

Lemma 3.2. The elements ihjyj are linearly independent over Cp in Cp <S>Qp V. 
In particular, ihj}j forms a basis o/-D7r.sen(^) over and its dimension over 
is equal to dimQ^^V. 

Proof. We can show inductively that {/i^}, {/id-i, ha}, {.hi, . . . , /i^} are linearly 
independent over Cp in Cp <S>Qp V. □ 



By this lemma, we can easily verify that the following proposition holds. 
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Proposition 3.3. (c.f. Subsection 2.2) We have Cp^x^ DT^.sen{V) — Cp<SiQpV 
and the natural map {Cp}^ 'S'k^ DT^-Sen{V) — >■ (Cp <S>Qp V)^ is an isomorphism. 

It follows easily that the i^^^^- vector space DT,_scniV) is equipped with the 
i^^^^-linear derivation V'-^^ = io^g(^^(^^)) if 7 ^ is close enough to 1. By the 
following proposition, we can see that the action of V*^°-' on D7r-Sen(^) tells us 
about Hodge- Tate weights as in the case of Dscn{V). 

Proposition 3.4. (c.f. Proposition 2.1) For a semi-stable representation V of 
Gk, there exists a Tx-equivariant isomorphism of -vector spaces 

d 

D.-SeniV) ~ Kl^'inj) : hj ^ t"^ {uj e Z). 

Furthermore, the set of integers {.nj^-j is exactly the same as the set of Hodge- Tate 
weights of V. 



Proof. Note that we have {.jifj) = x{lY^ fj^j by definition. Then, we can show 
inductively that we have i-i{hd) = xilT'^hd^, il{hd-i) = x(7)"'^"'^d-i>, ■ ■ 
{7(^1) = xilY^^i^- The rest is easily verified by Proposition 3.3. □ 



On the other hand, if /3 G Fbk is close enough to 1, the series of operators on 

(,,_log(^)_ 1 ^(1-^)^ 



C(^) C(^) ^ k 

converges to a ii'^^-hnear derivation on -D7r-Sen(^) does not depend on the choice 
of ^ e Tbk- This easily follows from the calculations V^'^\fj) = and VW(^) = 
1. 

Remark 3.5. By using the calculations V^'^\fj) = and V('')(^) = 1, we 
obtain V^'"\Fj) = F^+i (j < d) and V^'^\Fd) = 0. Thus, we can rewrite (*) as 

fe=0 

Compare this formula to the main construction {/j*''}^ in [Ml]. In fact, the idea 
of the construction of i^7r-Sen(^) is based on the similarity between Corollary 
2.1.14 of [Ki] and Main Theorems of [Ml] and [M2]. 



3.2. Some properties of differential operators. Wc shall describe the actions 
of derivations V*^°^ and V'^'^^ on -Djr_sen(^)- First, by a standard argument, we 
can show that, if a; e -D7r-Sen(^), we have 

VW(x)=lim,^i44^ VW(x)=lim^_i^i^i-l^. 
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By using these presentations, we compute the bracket [ , ] of derivations V^°^ 
and V^'^) on D^.sen{V). 

Proposition 3.6. On the differential module -D7r-Sen(^); w^e have [V^°\ V^'^^] = 



hnift^o _ ^ = alog(a), 



Proof. First, note that we have the relation 7/? = P^^'^^'y. Then, since we have 

'{hTT) 

we obtain 

r r 7/^-7-/3 + 1 , /37-7-/3 + I , ^ 

=hm,^,hm,^, (X(7) - IHP) - (^(,) _ (*) 

=VW(*). 

□ 

Proposition 3.7. T/ie action of the -linear derivation V*-'^-' on -D7r-Sen(^) is 
nilpotent. 

Proof From the equahty V^^^V^^^ - V^^^V^^) = V^, we get \/^^\V^''^Y - 
(yMy^/io) = r{V^''^Y and tr(r(V(^))0 = for all r e N. Since the charac- 
teristic of is 0, we obtain tr((V*^''^)'') = for all r e N. As is well known 
in linear algebra, this shows that the action of the X^^-hnear derivation V'^'^^ on 
D-K-Sen{y) is nilpotent. □ 

Proposition 3.8. For an element x e DT^.sen{V) such that'V'^'^^x) = nx (n e Z), 
we have V*^''^(V^'^-'(x)) = (n + l)V^^\x), that is, the action ofV^'^^ increases the 
Hodge- Tate weight by 1. 

Proof. This follows easily from the relation [V*-"-*, V'-'^^] = V*-'^^. □ 

There are many choices of a i^^^-subspace of dimension dimQ^y in {Cp<SiQpV)^ 
equipped with derivations V*-"-* and V'-'^^ The aim of this article is, however, to 
construct a differential module in Cp ^q^^ V which is closely related to the module 
Dst{V). Thus, the following proposition says that the choice L'7r-Sen(^) may be a 
reasonable one. 

Proposition 3.9. For a crystalline representation V of Gk, the action ofV^'^^ 
on £>7r-Sen(^) is trivial. 
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Proof. In the case when y is a crystaUine representation of Gki we can take 

as a basis of -D7r-Scn(^) over K^. We can see that the action of Fbk on this basis 

is trivial and thus the action of V^'^-* on I?7r-Sen(l^) is trivial. □ 

Conversely, there is a semi-stable representation V of Gk such that the action 
of V^'^^ on -D7r-sen(^) IS nou-trivial. The next example is the prototype of such a 
semi-stable representation. 

Example 3.10. Let F be a p-adic representation of Gk attached to the Tate 
curve K /(tt). We can take a basis {e, /} of V over such that the action of 
g eGx is given by 

'xig) c{gy 

1 

It is easy to see that ihi — 1 /, /i2 = 1 (8) e} (c Cp (8)Qj, V) forms a basis of 
Dn-SeniV) ovcr K^. As indicated by Proposition 3.4, we have 

V(°)(/ii) = and V(°n^2) = h2, 

that is, the Hodge-Tate weights of V are {0, 1}. Furthermore, the action of V^"^^ 
on this basis is given by 

hi — > /i2 — > 0. 

This means that the action of V'^'^-' on D.„_scniV) is nilpotent (Proposition 3.7) 
and that the action of V*^'^-' increases the Hodge-Tate weights by 1 (Proposition 
3.8). Thus, we can know more than Hodge-Tate weights by using the i^^^- vector 
space D7r-Sen(^) equipped with V^'^^. 



4. Geometric aspect of DT,.sen{V) 



Let X be a proper smooth scheme over K. Then, it is known that the p-adic 
etale cohomology V"^ = H^{X ®k K,Qp) is a de Rham representation of Gk- 
Furthermore, due to the result of Berger, we can see that is a potentially 
scmi-stablc representation of Gk- Let L/K be a finite field extension of K in 
K such that V"^ is a semi-stable representation of and let denote the 
restriction of V"^ to G^. 

In this section, we shall study the geometric aspect of -D7r-Sen(^ir*) ^ind see 
that the action of V'-'^-' describes an analogy of the infinitesimal variations of 
Hodge structures and satisfies formulae similar to the Grifliths transversality and 
the local monodromy theorem. First, by Proposition 3.4, we obtain the F^- 

equvariant isomorphism of L^^-vector spaces -D7r-Sen(l^i") ~ ®'j^=i^''^ L^(nj). 
With this presentation, define the subspacc D^''!sciii^L') -D,r-Sen(VZ") to be 
DT-scniVr) = ix e D^.scn{VE')\V^^\x) = tx} {t G Z). It follows easily that 
we obtain the decomposition 

D^-senivn = ^:'.kn(^r)- 

s+t=m 
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The next proposition claims that the action of V^'^^ on -D7r-Sen(l^L*) satisfies a 
formula similar to Griffiths transversality. 

Proposition 4.1. (Transversality) With notations as above, we have 

Proof. This follows easily from Proposition 3.8. □ 

By the same argument, we can see that an analogy of the local monodromy 
theorem holds for the L^^-vector space -Dtt-schIV^") equipped with V*^'^^. 

Proposition 4.2. (Local monodromy theorem) With notations as above, the L^- 
linear operator V^'^^ satisfies 

(v("))-+MD..sc„(vr) = o. 

Furthermore, if we put /i*'* = dim^miD^ g^^iV]^) and define km = sup{6 — alVi e 
[a, 6], /i*-'"-* ^ 0}, we have 

(VW)'^-+Mi^..Sen(V^r)=0. 
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